Single-layer transition metal dichalcogenides (TMDCs) can adopt two distinct structures corresponding to different coordination of the metal atoms. TMDCs adopting the T-type structure exhibit a rich and diverse set of phenomena, including charge density waves (CDW) in a √ 13 × √ 13 supercell pattern in TaS2 and TaSe2, and a possible excitonic insulating phase in TiSe2. These properties make the T-TMDCs desirable components of layered heterostructure devices. In order to predict the emergent properties of combinations of different layered materials, one needs simple and accurate models for the constituent layers which can take into account potential effects of lattice mismatch, relaxation, strain, and structural distortion. Previous studies have developed ab initio tight-binding Hamiltonians for H-type TMDCs [1] . Here we extend this work to include T-type TMDCs. We demonstrate the capabilities of our model using three example systems: a 1-dimensional sinusoidal ripple, the 2×2 CDW in TiSe2, and the √ 13 × √ 13 CDW in TaS2. Using the technique of band unfolding we compare the electronic structure of the distorted crystals to the pristine band structure and find excellent agreement with direct DFT calculations, provided the magnitude of the distortions remains in the linear regime. *
I. INTRODUCTION
There has been significant progress in the production of van der Waals heterostructures, devices formed by combinations of various two-dimensional layered materials [2] . These layers offer a promising platform for applications in optoelectronics [3] , spintronics [4] , valleytronics [5] , straintronics [6, 7] , twistronics [8] , nanomechanical resonators [9] , and plasmonics [10] . Individual layers can be insulators, semimetals, or metals, and can express many different quantum orders, including charge density waves (CDW) [11] , superconductivity (SC) [12] , magnetism [13] [14] [15] , topological phases [16, 17] , and Mott insulator physics [18] [19] [20] [21] .
Transition metal dichalcogenides (TMDCs) are an interesting class of materials formed by a layer of transition metal atoms (M) sandwiched between layers of chalcogens (X) with the chemical formula MX 2 , as shown in Figure 1 . TMDCs built from group-VI transition metals, such as Mo and W, generally take on the H-structure in which the transition metal exhibits trigonal prismatic coordination by the chalcogens (point group D 3h ), as shown in Figure 1 (c)-(d). These materials, which are usually semiconductors, have become the subject of investigation for the past several years. TMDCs can also crystallize in the T-structure, in which the metal atom is octahedrally coordinated by the chalcogens (point group D 3d ), as shown in Figure 1 (a)-(b). For TMDCs containing group-IV or V transition metals, the T-structure is typically metallic and either more stable or very close in energy to the H-phase. These T-type TMDCs, or T-TMDCs, are gaining attention because of their rich quantum phases. For example, with decreasing temperature, 1T-TaS 2 transitions from a high temperature normal metallic phase to an incommensurate CDW, nearcommensurate CDW, and finally a commensurate CDW with Star-of-David clusters of Ta atoms with a √ 13× √ 13 periodicity that gives rise to a correlated Mott insulator phase [22] . Under pressure, the Mott insulator phase melts and superconductivity develops around 2.5 GPa with T c saturating at 5 K under high pressure [23] . In addition, there is a suggestion that TaS 2 should be considered a quantum spin liquid [20] . In these T-type TMDCs, the existence of various elec-arXiv:2003.10473v1 [cond-mat.mes-hall] 23 Mar 2020 tronic phases provides a platform to study their mutual competition and quantum criticality. Empirical tightbinding models have been constructed for the Ti based T-TMDCs [24] and for TaS 2 [25] . However, theoretical models for these T-type TMDCs are scarce compared to their H-type counterparts. In this work we provide comprehensive ab initio tight-binding Hamiltonians (TBH) for 9 different T-type TMDCs, considering the d orbitals from transition metal atoms and the p orbitals from the chalcogens. These Hamiltonians are extracted from the Wannier transformation of density functional theory (DFT) calculations without parameter fitting. Inplane strain is also included in the Hamiltonian modeling, capturing the coupling between electrons and long wavelength acoustic phonon modes. This provides a simple "parent" electronic band structure in which additional perturbations from CDW order or other deformations can be introduced, as long as the atomic displacements from the parent structure are not too large. The application of symmetry group analysis simplifies the modeling and elucidates the nature of the various coupling terms.
This paper is organized as follows: In Sec. II we survey some of the notable properties of the T-TMDC materials we have modeled. In Sec. III we provide details of the modeling procedure and give the explicit symmetryconstrained form of the tight-binding Hamiltonian that includes strain perturbations. Validation and analysis is provided in Sec. IV, followed by applications to three model systems in Sec. V, and finally our conclusions in Sec. VI. In the Appendix we tabulate the materialdependent numerical parameters extracted from DFT calculations for these tight-binding Hamiltonians.
II. T-TYPE TMDC MATERIAL PROPERTIES
Strain-dependent tight-binding models for group-VI TMDCs have been derived in previous work [1] . For these materials, specifically MX 2 with M = (Mo, W) and X = (S, Se), the H-structure is more stable than the T-structure, and most are semiconductors. In contrast, here we study group-IV and group-V TMDCs, with M = (Ti, Nb, Ta) and X = (S, Se, Te), where the H and T phases are very close in energy, as shown in Table I .
The T-phase of the Ti compounds has a lower ground state energy than the H-phase, and for the group-V metals (Nb and Ta) the T-phase is within 100 meV of the H-phase. The values in Table I are the calculated energies of the materials in the undistorted T-structure, which have metallic band structures; examples are shown in Figure 2 . The energies shown in Table I represent pristine unit cells in vacuum; in experimental contexts many factors, such as the presence of CDW distortions, substrates, finite temperature, chemical environment and intercalation, strain, and pressure, will affect the stability or metastability of a given phase [26] [27] [28] [29] . The T-TMDCs we study are noteworthy for the diversity of CDW patterns which can both stabilize the structure and change the electronic properties. Table I lists the various CDW patterns that have been observed in monolayer or bulk samples. Further, because the H-type to T-type transition can occur via a shift of a chalcogen layer, the kinetic barrier between the phases can be small enough for in situ manipulation; for instance, an STM tip was shown to reversibly control a transition between H-and T-type structures in NbSe 2 [30] . Because of these diverse CDW orders and the interplay with superconductivity, group-IV and V TMDCs have been the subject of much recent research. In the following we provide a brief summary of the most interesting features of each of type of material as motivation for the strain-dependent electronic structure modeling described in the next section. More comprehensive reviews and additional references can be found in [37] [38] [39] .
TiSe 2 is intriguing because it exhibits a 2 × 2 CDW, a possible excitonic insulating phase [40] , and, with doping to suppress the CDW state, superconductivity [41, 42] . As a result, the CDW phase has been the subject of study in relation to electronic, excitonic, and vibrational structure effects, and much ongoing investigation focuses on the nature of the CDW transition [43] [44] [45] . Single-layer TiTe 2 also exhibits a 2 × 2 CDW, but it is not observed in samples with 2 or more layers [32] . Previous theoretical work has shown that single-layer TiS 2 is a semimetal with increasing band overlap under compressive strain, but switches to a semiconductor with a gap that grows with tensile strain [46] . NbS 2 and NbSe 2 have proven to be challenging to produce in the 1T-structure. There is a single report of experimental production of the 1T polytype of NbS 2 using atmospheric pressure chemical vapor deposition [47] . Recently, Nakata et al. [18] have successfully grown singlelayer NbSe 2 on bilayer graphene and shown that the phase, T vs H, can be controlled by the substrate temperature during growth. It has also been demonstrated that the interaction between an STM tip and the sample can induce a reversible 2H to 1T phase transition in NbSe 2 [30] . On the other hand, bulk NbTe 2 takes on the 1T-structure but with a significant 3 × 1 CDW distortion [33] , and also exhibits superconductivity at temperatures below 1 K [48] . The niobium-based TMDCs are d 1 materials, so the simplest ionic picture would predict metallic behavior with a single half-filled band crossing the Fermi surface. However, ARPES measurements on NbSe 2 [18] and NbTe 2 [33] do not show any quasiparticle crossings.
The tantalum-based TMDCs are perhaps best known for their rich CDW phases competing with superconductivity. TaS 2 and TaSe 2 are formally d 1 materials and are indeed metallic at high temperatures, but as the temperature is lowered they develop incommensurate, nearlycommensurate, and finally a commensurate √ 13 × √ 13 CDW phase. This latter phase is a correlated Mott insulator [22] . When the CDW phase is suppressed by either chemical doping, applying high pressure, or chalcogen substitution, superconductivity can arise at temperatures of a few K [23, [49] [50] [51] . On the other hand, TaTe 2 exhibits similar behavior to NbTe 2 at room temperature, including a 3 × 1 CDW reconstruction, but at temperatures below ∼170 K it displays a competing 3 × 3 CDW [36] and no superconductivity [33] .
III. TIGHT-BINDING HAMILTONIAN FOR THE MONOLAYER WITH STRAIN

A. Numerical Methods
DFT calculations were performed using the VASP code [52, 53] with the PBE exchange-correlation functional [54] . Projector augmented wave (PAW) pseu-dopotentials included 6 valence electrons (s 2 p 4 ) for the chalcogens and 11, 12, and 13 valence electrons for Ta (5p 6 6s 1 5d 4 ), Ti (3s 2 3p 6 4s 1 3d 3 ), and Nb (4s 2 4p 6 5s 1 4d 4 ), respectively. A plane-wave energy cutoff of 420 eV was used for all materials, along with van der Waals corrections using the zero-damping DFT-D3 method [55] . We employed a Γ-centered 25×25×1 k-point grid. All structural relaxations were carried out until the Hellman-Feynman forces on each atom had a magnitude below 0.001 eV/Å. The maximally localized Wannier transformations were performed using the Wannier90 code [56] .
B. General Formulation of Strained Crystal Lattices
As viewed from above in Fig. 1 (b) , the TMDCs Tstructure consists of 3 interpenetrating triangular lattices. Seen from the side, the transition metal lattice is sandwiched between chalcogen lattices above and below, in such a way that the metal atom is octahedrally coordinated. To model a monolayer T-TMDC we choose the primitive lattice vectors to be a 1 = √ 3 2 ax − 1 2 aŷ and a 2 = √ 3 2 ax + 1 2 aŷ. The metal atom is located at the origin and the horizontal position of the upper (lower) chalcogen atom is taken to be ±(a 1 + a 2 )/3. Effects of in-plane strain on the electronic structure can be studied in the same way as they were for H-type TMDCs [1] , namely by displacing the crystal coordinates according to a vector field u = (u x (x, y), u y (x, y)), where r = (x, y) gives the coordinates in the unstrained crystal and the location in the strained crystal is given by r + u. Since no physical change arises from a constant displacement, the strain field is characterized by the symmetrized derivative of u and written:
Under the C 3v symmetry group of the crystal the strain field can be decomposed into a scalar part, u xx + u yy , representing biaxial isotropic strain, and a doublet, (u xx − u yy , −2u xy ), representing anisotropic strain and shear. The antisymmetrized derivative ω xy =
is also a scalar under rotations and represents a local rotation of the coordinates by an angle ω xy . By calculating the electronic structure of the crystal subjected to different amounts of uniform strain (u ij = constant), we can then approximate the response to a slowly varying strain field by assuming a constant strain over any small region, referred to as a "local strain approximation". In this manner we can study the interaction between the electronic structure and longwavelength acoustic phonons.
The first step, considering only the physical structure, is to use DFT to optimize the lattice constant for the unstrained crystal. From the optimized crystal we can determine the height, h, of the chalcogen atoms above (and below) the plane of the metal atoms by relaxing the internal coordinates of a cell where the components of the lattice vectors, a i for i = 1, 2, 3, have been modified by the constant strain field as follows:
As a function of the isotropic strain, the height h of the chalcogens above and below the metal layer can be parametrized as
Our results for the lattice constants, a, unstrained chalcogen distances, d 0 , and coefficient d 1 , are given in Table II . Several general trends are readily apparent in the results, in particular the increase in both lattice constant and chalcogen height with the atomic number of the chalcogen.
C. Tight-Binding Hamiltonian with Strain
Having obtained the structural parameters for each material under study, we use DFT calculations of the electronic structure followed by a transformation to an atomic-like basis of maximally localized Wannier functions (MLWF) [57, 58] in order to determine the tightbinding parameters for a range of input strain values. By fitting the variations in the parameters as a function of u xx , u yy , and u xy we arrive at a complete tight-binding Hamiltonian for any choice of uniform strain. A monolayer T-type TMDC has D 3d symmetry, which includes xz mirror symmetry, C 2 rotation symmetry about the y-axis, inversion symmetry, and R 3 rotation symmetry about the z-axis. The 3-fold rotational symmetry of the crystal means that hopping terms to equivalent neighbor atoms will appear differently in a Hamiltonian matrix with a fixed rectangular coordinate system. However, careful choice of reference hopping vectors and analysis of the symmetry-allowed matrix elements results in significant constraints on the form of the Hamiltonian matrix.
Our model of the electronic band structure includes 11 orbitals: five d-orbitals, d xy , d yz , d x 2 −y 2 , d xz , and d z 2 from the metal atom at the M site (origin), and three p-orbitals, p x , p y , and p z from each chalcogen atom, located at X 1 (upper) and X 2 (lower) sites. In what follows we use this ordering of basis orbitals to define the tightbinding Hamiltonian, including hopping terms up to 3rd nearest neighbor (3NN) and all dependence on isotropic and anisotropic strain, (u xx + u yy ) and (u xx − u yy , 2u xy ), respectively.
The on-site energy represents the interactions between orbitals located at the same atom. At X 1 sites the chalcogen p-orbital on-site energy has the form:
At X 2 sites, the on-site Hamiltonian is the same as the ones at X 1 sites (including strain). At M sites the metal d-orbital on-site Hamiltonian reads:
For the (X 2 -M) interaction, with the hopping from M at the origin to X 2 at −(a 1 + a 2 )/3 taken as the reference, the Hamiltonian has the same form as (X 1 -M) with an overall (−1) factor. The final first neighbor coupling, (X 2 -X 1 ), with reference bond chosen along the positive x-axis, has the form:
Each atom has 6 second neighbors (2NN) of the same type. In each case the reference bond is along the positive y-axis. The (X 1 -X 1 ) coupling has the form:
while the (X 2 -X 2 ) interaction has some (−1) phase factors compared to (X 1 -X 1 ), as shown:
The Hamiltonian for the (M-M) interaction has the form:
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Similar to first neighbor coupling, each atom has 3 third neighbors (3NN) of each of the other two types, but with different reference bonds. The (X 1 -M) interaction, with reference bond pointing from the origin to −2(a 1 + a 2 )/3, takes the form:
The (X 2 -M) interaction, with reference bond from the origin to 2(a 1 + a 2 )/3, has the same form as the above with an overall (−1) factor. Finally, the (X 2 -X 1 ) coupling has a reference vector −2(a 1 + a 2 )/3, and the Hamiltonian takes the form:
0 t For each of the above couplings in Eqs. (7)-(13) there are 2 additional symmetrically equivalent couplings related by 2π/3 rotations (clockwise and counterclockwise). In order to implement these rotations on the tight-binding Hamiltonian, we use the following unitary transformations with φ = 2π/3 to implement the counterclockwise rotation on p and d subspaces, respectively:
Note that the orbital subspaces rotate in the opposite direction from the coordinate axes. The 2NN couplings each have 3 additional symmetrically equivalent couplings related by a mirror symmetry in the xz-plane.
The strain-dependent tight-binding Hamiltonian for each material is specified by 163 parameters, which is significantly fewer than the 1056 parameters in a generic 11dimensional Hamiltonian with isotropic and anisotropic strain dependence. Furthermore, these parameters are all extracted directly from the Wannier transformation of the DFT results (averaging over symmetrically equivalent terms) and are not the result of any fitting to the band structure. The parameters for each material are tabulated in the Appendix.
D. Work Function
The work function for each material is the difference in energy between the Fermi level of the TMDC and the vacuum (a location far from the TMDC layer): ∆Φ = E vac −E F . This can be easily extracted from the DFT to-tal potential for each value of isotropic strain, and shows a mild (few percent) dependence on the strain, which can affect the diagonal values as well as the α (0) couplings. The values reported in the tables in the Appendix have the strain dependent work function subtracted from the on-site couplings before fitting. The work function for the unstrained materials, which decreases with increasing atomic number of both the metal and the chalcogen atoms, was included in Table I .
E. Spin-Orbit Coupling
Atomic spin-orbit coupling (SOC) is described by the Hamiltonian H soc = λ soc L · S. We can extract the value of λ soc for each atomic species by considering the splitting between valence states in a single atom as calculated by DFT. Assuming the wavefunctions are eigenstates of J , L, and S, the energy splitting is given by the difference between j = + 1/2 and j = − 1/2 states, namely ∆E soc = λ soc ( + 1/2). The value of λ soc , in units of eV, is shown in Table III for the 6 species considered here. 
IV. MODEL VALIDATION
In this section we demonstrate the accuracy with which our strain-dependent TBH reproduces the DFT band structures. Fig. 3(a) shows that the band structure near the Fermi energy is captured by the 11-band Wannier transformation, because the bands calculated with DFT and those reconstructed from the full basis of Wannier functions show virtually no differences.
Our tight-binding model, however, ignores interactions beyond 3NN, and it is important to examine the extent to which neglecting those longer range couplings affects the band structure. Fig. 3(b) shows the 3NN TBH band structure along with the full Wannier reconstruction and a 5NN truncation. The qualitative band structures agree well, and the most significant quantitative differences appear in bands far from the Fermi level. These differences arise from the overlap with orbitals that are not included in our 11-band model. The Wannierization procedure used to calculate the MLWF includes the effects from these other states as longer range hopping terms, beyond even 5NN.
In Fig. 4 , we show the effect of 2% isotropic compression and expansion on the band structure of TaSe 2 . The black bands are the result of DFT calculations and the red bands are from our 3NN tight-binding model, demonstrating that our model tracks the decrease in band dispersion as the crystal is expanded. From the tight-binding Hamiltonian it is easy to determine the irreducible representations of each band at the high symmetry points, Γ, M, K (see Fig. 4 ). Changing the lattice constant from 2% compression to 2% expansion results in the reordering of representations at the Γ-point near E F , with the A 1g singlet rising up through first the E u doublet (at the equilibrium lattice constant) and then the E g doublet (at 2% expansion). This reordering is accurately captured by the tight-binding model. However, the band reordering at the K point caused by lattice expansion, with the singlet A 1 sinking below the E doublet, has already occurred in the DFT at the equilibrium lattice constant, whereas it requires a slight expansion in the lattice before it occurs in the tight-binding model.
We can also compare the TBH with the addition of atomic spin-orbit coupling to the DFT results. Specifically, we consider the three bands in TaSe 2 that lie just above E F at Γ in the unstrained crystal. Figure 5 shows the change in energy as calculated within DFT (black) or using the tight-binding parametrization including atomic SOC: there is good quantitative agreement between the two approaches.
V. APPLICATIONS
There are many proposals for strain engineering of 2D materials. A 2D pattern of artificial atoms has been generated by draping a single layer of MoS 2 over a periodic array of nanocones in a substrate, creating regions of higher and lower biaxial strain [59] . More recently, draping a graphene sheet over a step edge in a copper substrate has been shown to produce 1D ripples along the direction of the step edge [60] . Lattice distortions also occur spontaneously in systems that undergo CDW reconstructions. Though these generally occur over much shorter length scales, for small distortions our strain model should be able to capture the most important effects. We demonstrate the usefulness and limitations of our strain-dependent tight-binding model for systems with non-uniform strain patterns by applying it to three example structures: a 1D sinusoidal ripple in TaS 2 , the 2×2 CDW in TiSe 2 , and the √ 13 × √ 13 CDW in TaS 2 .
A. One-dimensional rippling
We have modeled the effects of long-wavelength lattice distortions on the electronic structure of TaS 2 subject to a sinusoidal strain of variable amplitude and wavelength in the x-direction. Our model accounts only for in-plane lattice distortions, which were shown to be important in reproducing the experimental data in Ref [60] . Our treatment here does not consider out of plane displacements.
To model a non-uniform strain pattern, we first create an atomic supercell that is large enough to include the M K The supercell geometry and consequent folded band structure complicates the interpretation of the electronic structure. In this example our ripple has 2 × 11 × N bands. One way to make connections with the simpler pristine crystal band structure is through an "unfolding procedure" to obtain the "effective band structure". This method has been established to interpret the perturbations to the pristine band structure due to the presence of impurities, disordered alloys, and structural reconstructions in DFT calculations that use a supercell geometry [61] [62] [63] [64] . The effective band structure can be further compared with the band structure derived from angleresolved photoemission spectroscopy (ARPES).
In practice, the unfolding procedure is carried out with the proper crystal momentum projection based on the pristine unit cell, where the corresponding Fourier component determines the unfolding weight. Figure 7 shows the unfolded band structures for an N = 4 TaS 2 supercell both with and without the 1D sinusoidal strain. For comparison, we studied a supercell with displaced atoms directly using DFT, followed by the Wannier transformation and unfolding of the supercell band structure, and found only small differences. While in this case the DFT+Wannier calculation is not computationally prohibitive, it still takes several hours of CPU time for each configuration, and the resources required grow with the size of the supercell. By contrast, once the framework of the TBH supercell has been set up, the unfolded band structure can be produced much faster for any chosen amplitude or wavelength of the strain pattern, and for any of the 9 T-type TMDC materials we have modeled. Increasing the wavelength of the strain pattern to λ = 93Å (N = 16) results in a supercell with 96 atoms, which makes the DFT calculation very computationally demanding, while the TBH result, shown in Fig. 7(c) , is obtained in under 1 minute using a laptop computer.
In T-TMDCs, CDW order is prevalent and affects the underlying electronic properties. Compared to the pristine crystal structure, the CDW order and electronphonon couplings cause deformed and reconstructed atomic positions. For example, the T-TiSe 2 crystal exhibits a 2 × 2 reconstruction, while the T-TaS 2 crystal shows so-called Star-of-David deformations in the com-mensurate CDW phase with a √ 13 × √ 13 supercell. We apply our TBH model to these situations next, and compare to DFT results when possible.
B. TiSe2 CDW
For TiSe 2 we first build a 2×2 supercell, perturb the Ti atoms slightly, and use DFT to relax the positions of all atoms. The CDW indeed develops, with changes in the distances between the Ti atoms of ±0.08Å, which is 2.3% of the optimized DFT lattice constant of 3.53 A. This amount of strain is at the upper limit of the uniform strain which we used to extract the parameters of the strain-dependent TBH and where the response in the TBH parameters was still quite linear. A schematic of the metal atom displacements is shown in Fig. 6(b) . We match a continuous displacement field to the positions of the Ti atoms in the relaxed 2×2 supercell by fitting Fourier components of the first shell of reciprocal lattice vectors. The derivative of this displacement field is then used to determine the components of the strain field at the center of each bond between interacting atoms in the 2×2 supercell. Unlike the case of the 1D ripple, the TiSe 2 CDW strain pattern includes a nonzero antisymmetric scalar, ω xy , which represents a local rotation. This is implemented in the TBH by rotating the strain-independent piece of the Hamiltonian for each bond by an angle φ = ω xy (x, y) evaluated at the center of each bond, using the matrices of Eqs. (14) and (15) . 
C. TaS2 CDW
The simple, symmetric model we have developed reveals its limitations when applied to the √ 13× √ 13 CDW pattern that occurs in TaS 2 and TaSe 2 . For the former, relaxation of the supercell using DFT yields the experimentally observed CDW pattern, shown schematically in Fig. 6(c) . The nearest Ta-Ta distances can increase by as much as 0.43Å while other distances decrease by up to 0.2Å, a range of −6% to +13% of the 3.36Å lattice constant. Displacements this large might be expected to exceed the linear strain regime parametrized in our model. Indeed, calculations using larger isotropic strains show that the response of one of the 1NN Ta-S couplings becomes very nonlinear, as shown in Fig. 9 . Using the strain-dependent TBH to compute the electronic structure for the TaS 2 CDW in the same manner as for TiSe 2 , including local rotation ω and taking the strain field from a fit to the Ta positions in the relaxed DFT CDW structure, we see in Fig. 10 that many of the smaller features in the unfolded CDW band structure are well reproduced. However, the TBH model fails to capture the significant flat band that emerges at Γ and is clearly visible in the DFT calculation, Fig. 10(c) . In this case the perturbation from the pristine T-structure is so large that nonlinear effects in the strain response become important. The same is true for distorted phases such as the T'-structure (which has a dimerization of metal atoms in one direction). This is not a breakdown of the underlying procedure, for one can still use the Wannier transformation of the DFT results to construct accurate tight-binding models to study the coupling to acoustic phonons. However, the complexity increases significantly, preventing us from writing down simple, symmetric models.
VI. CONCLUSION
We have used the Wannier transformation of planewave DFT calculations to construct precise, straindependent tight-binding Hamiltonians for group-IV and group-V TMDCs that adopt the T-structure. We have further augmented the models with on-site spin orbit coupling terms and determined the work function for each material, providing a simple parametrization of the interaction of the electronic structure with long-wavelength acoustic phonons, which induce deformations of primitive vectors for the structural unit cell. Moreover, we have demonstrated how to model the short-wavelength CDW distortions with atomic displacements. The effects of such perturbations are visualized through the technique of band-structure unfolding. Similarly, the approach can be generalized to model crystals with internal atomic displacements due to optical phonons.
From a broader perspective, the strain response of single layers is a necessary ingredient for the construction of models of van der Waals heterostructures with multiple layers. These material systems have attracted attention recently since the discovery of unconventional correlated insulating and superconducting states in magicangle twisted bilayer graphene [65] [66] [67] . In terms of its electronic structure modeling, the layer deformation and strain from the mechanical relaxations in a twisted bilayer are shown to be relevant in modifying the electronic structure when compared with experimental observations [68] . Our modeling of single layers with strain paves the way for investigating heterostructures involving diverse types of T-TMDCs and the interplay between different order parameters. The other crucial ingredient necessary for a comprehensive, single-particle model of the electronic structure, is the proper interlayer couplings between orbitals in adjacent layers [69, 70] . This will be explored in future work. 
